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Abstract

Dispersion is a phenomenon in which a wave’s phase velocity varies with its frequency. It can
be relevant to all kinds of wave movements, including sound, seismic waves, and gravitational
waves. The double dispersion equation is important due to its numerous physical applications,
such as examining the nonlinear wave distribution in waveguides, investigating the interaction
of waveguides with the surrounding medium, and assessing the probability of energy transfer
through lateral waveguide coverings. In view of this, this article explores analytical examina-
tions of a (1+1)-dimensional generalized double dispersion equation in inhomogeneous and
uniform Murnaghan’s rod. This is applicable in modeling wave propagation in an elastic solid
material, which has significance in solid-state mechanics. Therefore, it is entrenched in solid-
state physics. Lie group theory is invoked to identify point symmetries associated with the
model, enabling the derivation of nonlinear ordinary differential equations through symme-
try reduction. Furthermore, direct integration of the nonlinear ordinary differential equation is
performed to obtain closed-form solutions to the underlying model. Consequently, an elliptic
cosine function solution is attained. Additionally, using a specific transformation, the technique
further ensures the attainment of a Weierstrass function solution. To secure more solutions to the
studied equation, the well-known Kudryashov’s method is utilized, affording us the opportu-
nity to obtain an exponential function solution. Subsequently, we applied the (G’ /G)-expansion
technique, which consequently produces hyperbolic, rational, and trigonometric function solu-
tions. Moreover, to view the wave dynamics of the achieved solutions, which provides us with
the opportunity to capture the physical meanings of these solutions, various wave depictions
are demonstrated in three-dimensional, two-dimensional, contour, and density plots. In conclu-
sion, the study produces notable conserved quantities such as energy, mass, and momentum,
which are secured using Ibragimov’s theorem, as well as the multiplier approach.

Keywords: generalized double dispersion equation; Lie symmetry method; closed form solu-
tions; Kudryashov’s and (G’/G)-expansion techniques; conservation laws.


https://mjms.upm.edu.my
https://orcid.org/0000-0001-7047-3450
https://orcid.org/0000-0002-8745-5387
https://orcid.org/0000-0002-1986-4859

M. S. Monashane et al. Malaysian J. Math. Sci. 19(3): 1111-1131(2025) 1111 - 1131

1 Introduction

In the world around us, we encounter a multitude of complex physical phenomena that exhibit
nonlinearity. These phenomena are accurately described by Nonlinear Partial Differential Equa-
tions (NPDEs), with examples ranging from population ecology and epidemiology to biology,
plasma physics, fluid mechanics, and nonlinear circuits. Nonlinear partial differential equations
are significant as they represent numerous real-world issues across various disciplines, such as
in Physics, NPDEs are used to represent physical problems like fluid dynamics, solid mechan-
ics, acoustics, plasma physics, and quantum field theory. In life sciences, NPDEs are utilized in
chemical and biological systems, as well as for modeling population biology, predator-prey in-
teractions, and other scenarios. Additionally, in engineering, NPDEs are employed to address
practical issues. In mathematics, NPDEs have been used to tackle mathematical problems like
the Poincaré conjecture and the Calabi conjecture. NPDEs pose challenges for study as there are
limited universal methods applicable to all equations. Typically, each equation must be examined
separately [1-20].

To gain a deep understanding of these phenomena, it is essential to investigate the solutions
to the differential equations (DEQNSs) that govern them. Thus, this necessitates investigation of
solitary wave solutions of these NPDEs in their exact structure. Extensive research continues to
be conducted on these equations, as they play a pivotal role in modeling relationships between
various physical quantities found in the natural world. Recent advancements in computer tech-
nology have greatly improved our ability to develop algorithms for solving NPDEs. Despite this
progress, it is important to acknowledge the brilliant minds that have laid the theoretical ground-
work for these technologies to flourish. In recent times, numerous researchers with a strong inter-
est in nonlinear physical phenomena have explored closed-form solutions of NPDEs due to their
significance in analyzing model outcomes. It is vital that research on closed-form solutions to
NPDEs plays a crucial role in understanding specific physical scenarios. The range of solutions to
NPDEs holds a significant position in various scientific fields. These include electromagnetic the-
ory, chemical physics, optical fibers, hydrodynamics, meteorology, plasma physics, biology, heat
flow, chemical kinetics, and geochemistry.

Recognizing that many prominent scientists view nonlinear science as a key frontier for gaining
a deeper understanding of nature, we present a few relevant models, including a 3D generalized
nonlinear potential model, the YTSF equation in Engineering and Physics, recently examined in
[2]. Furthermore, an examination in another source focused on the modified and generalized ZKe
model, highlighting ion-acoustic solitary waves found in a magnetoplasma environment contain-
ing electron-positron-ion particles present in a native universe [11]. The authors in the reference
delve into applications of the model in studying waves in dust-ion acoustics, dust-magneto, and
ions within laboratory dusty plasmas.

Moreover, studies in [40] explored bright solitons (vectors) and their interactions within a
coupled Fokas-Lenells model. The investigation also extended to optical pulses” femtosecond em-
bedded in double-refractive fibers in optics, modeled using NPDEs. Additionally, attention was
given to a type of Boussinesq-Burgers model system recounting waves embedded in shallow wa-
ter near ocean shores and lakes, as discussed in [13]. The text also references other related studies
for further exploration. The listed publication in [3] can be visited also in which a type of three
dimensional generalized Zakharov-Kuznetsov equation was investigated. Additionally, the appli-
cation of topological and non-topological solitons in the fields of physical and nonlinear sciences
were highlighted.

It is well known that there is no universal approach for achieving exact solutions to NPDEs.
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However, to address this persistent issue, researchers have developed several effective techniques.
For instance, Sophus Lie (1842-1899) made significant contributions to the field with his investi-
gations on Lie algebras [29, 30], providing a unified technique for solving a vast range of DEQNs.
Other notable study using Lie symmetry approach can be found in Kumar and Dhiman [24 ] where
they invoked Lie symmetry approach and the unified technique to solve a coupled breaking soli-
ton model. This offers a universal and robust method by which exact solutions to differential
equations can be obtained systematically. However, the limitation of the approach lies in the fact
that it can only be applied to differential equations that have symmetries.

Recent advancements in solving DEQNSs include Kudryashov’s approach [21], the simplest
equation technique [34], the sine-Gordon equation expansion technique [6], Hirota’s bilinear ap-
proach [26], the (G'/G)-expansion technique [35], the power series solution technique [12], the
Darboux transformation approach [42]. Additional techniques such as the Painlevé expansion
technique [8], the bifurcation approach [41], homotopy perturbation [7], extended homoclinic
test technique [9], tanh-coth technique [38], Adomian decomposition technique [37], symme-
try group analysis [29, 30], F-expansion approach [43], Backlund transformation method [15],
extended simplest equation technique [21], Cole-Hopf transformation approach [31], rational ex-
pansion approach [39], and many more have been developed.

Since the establishment of Petviashvili and Kadomtsev’s hierarchy equation models over 50
ago, numerous research papers have been published, each exploring different aspects of this com-
plex field of equations. For instance, in the publication given in [25], Kuo and Ma proposed an
effective algorithm for constructing nonlinear evolution equations. In the same vein, Madhavan et
al. [27] examined a pursuit differential game involving one pursuer and one evader for a higher-
level infinite system comprised of first-order ternary differential equations, and demonstrated the
successful completion of the pursuit within the game. Besides, the authors in [33] investigated the
issue that the Korteweg-de Vries equation fails to completely represent the intricacy of nonlinear
waves. To tackle this challenge, they resolved the extended Korteweg-de Vries equation, incorpo-
rating higher-order nonlinear and dispersion components. The primary aim was to explore the
influence of cubic nonlinearity and fifth-order dispersion on solitary wave propagation.

One of the interesting and highly applicable fourth-order NPDEs is a double dispersion equa-
tion (DoDEqn) in an inhomogeneous and uniform Murnaghan rod, explicated as [32],

Pl (£) a0 o Pun) (20620
p

ot? p Ox? Ox? Oz

VIR 0*w(z,t) V2 R20\ 0*w(z,t)
_< 2 ) Ot20x? +< 2p ) ozt =0 1)

where E represents Young’s modulus, 5 stands for the nonlinear coefficient, o connotes the Lamé
coefficient, v represents the Poisson ratio while n4, [, p, na, Ry, and p are constants. Dispersion is
a phenomenon in which a wave’s phase velocity varies with its frequency. It can be relevant to all
kinds of wave movements, including sound, seismic waves, and gravitational waves. In optics, dis-
persion refers to a characteristic of light and other electromagnetic waves. The DoDEqn model is
important due to its numerous physical applications, such as examining the nonlinear wave distri-
bution in waveguides, investigating the interaction of waveguides with the surrounding medium,
and assessing the probability of energy transfer through lateral waveguide coverings. This equa-
tion is applicable in modeling wave propagation in elastic solid materials, which has significance
in solid-state mechanics.

In his work, Samsonov [32] developed a range of double dispersive equations for solid mate-
rials containing elastic waveguides and rods with complex properties. The Euler equation is used
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to derive the four forms of the double dispersive equations and they are:

(a) Movement within the heterogeneous and non-uniform rod.
(b) Displacement within the heterogeneous and uniform rod.
(c) Movement within the homogeneous and non-uniform rod.

(d) Movement within the homogeneous and uniform rod.

Additionally, elliptic functions, solitary waves, as well as numerical solutions were also entrenched
by the author.

The DoDEqn (1), also referred to as Euler’s displacement model in heterogeneous and uni-
form Murnaghan'’s rod [32], has been investigated by a few other researchers. Nisar and Silam-
barasan [28] utilized the F-expansion technique on the double dispersion model in Murnaghan’s
rod to attain a Jacobi elliptic function solution and categorized it into six distinct solution families.
Each solution is accompanied by the necessary condition, and the degeneration of the Jacobi solu-
tions is based on the modulus of the elliptic function. The solutions derived from algebraic equa-
tions determine the formation of the six classifications. Additionally, Cattani et al. [5] were able
to solve the double dispersive model in the non-uniform circular cylindrical rod for both bright
and dark solitons by invoking the modified exp [—¢ ({)] function alongside extended sinh-Gordon
techniques.

Having explored the various work done on model (1), there is a gap that still needs to be filled,
which has led us to consider the study of a generalized version of the equation (significant in solid
- state physics) from a Lie group analysis perspective. Therefore, the (1+1)-dimensional Gener-
alized Double Dispersion Equation ((14+1)D-GnDDE) to be investigated in this work is presented
as,

A= Wt + QWep + b(wwmr + ’U.)z) + Witz + dwmzmm = 0» (2)

in which constant coefficients a to d are all nonzero real valued. We declare here that, to the best of
our knowledge, the generalized model (2) has not been investigated previously. To carry out this
study, the article is structured as follows: The introduction and literature review of the work done
on the model under investigation are presented in Section 1. Section 2 contains the procedural
pattern through which Lie point symmetries of (14+1)D-gnDDE (2) are obtained. Additionally,
various approaches are explored to secure analytic solutions of interest to (2). Moreover, in Sec-
tion 3, conservation laws associated with the model under study are calculated using Ibragimov’s
theorem along with the multiplier approach. Thereafter, the concluding remarks follow in Section
4.

2 Symmery Analysis and Solutions of (2)

We begin by deriving the Lie point symmetries of (1+1)D-gDDE (2), after which we use them
to obtain its exact solutions.
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2.1 Lie point symmetries of (2)

The symmetry group of (1+1)D-gnDDE (2) will be formed by the vector field,

0 0 0
_ ¢l 9 s o 9
Q = €' (w1 w) 5 + €@, L) + ol Lw) 5
with coefficients ¢%, i = 1,2 and ¢ being functions of (z,t,w), is a Lie point symmetry of (1+1)D-
gnDDE (2) if,

Q[ ] [wtt + AWy g + b(wwsz + w ) + CWitzx + dwmzazm]

A0 0, 3)

where Q!4 represents the fourth extension of vector field (), which is defined as,

ST S R A S NS R
with the (’s given as:
= Dy(n) — wDy(€') — w, Dy(€),
= Da(n) = wiDa (&) — w, Do (€7),
Dy(C") = wie Dy(€1) — wia D (€2),
Dy (¢") = wia Do (€1) — wew Do (€2),
Cttm = (Cm) — Wttty x( ) Wttrx x(§2)7
(P = Dy (€)= Wigze Do (€1) = Waoawa D (€2),
and the total derivatives are given as:
D; = g—i—w 0 + Wi — 0 + Wiy m— 0 + Wiz 57— + Wittaa 77— + - -+
at ' ow Owy Ow, Oy Wiy (5)
D, = 9 + w'ci + wxxi + wtxi + Witgaa 0 + w'c:caca:xi +...
Ox ow Owy, Oowy Witz OWggza

By expanding (3) and separating it based on the derivatives of the function w, we can derive the
following system of overdetermined linear partial differential equations (LPDEQs):

Etl:()a flluzoa 5;20, £t2:07 5121;:()’ fizoa v =0,
which can easily be solved and so, the solution to the system yields,
(z,t,w) =By, and &*(x,t,w) = By,

in which By, together with By are arbitrary constants. Thus, the Lie point symmetries of (1+1)D-
gnDDE (2) are translational, given as,

0

Q= and Q=3 ©)

ot

2.2 Travelling wave solutions of (1+1)D-gnDDE (2)
On considering a combination of the obtained translational symmetries )1 and @), for (1+1)D-
gnDDE (2) as @ = Q1 + wQ2. The symmetry produces the two invariants,

(=x—wt, U=w,
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that yield U = U(¢) (wherein ( is the new independent variable) as the group-invariant. One
makes use of the above and successfully transforms model (2) to the nonlinear ordinary differen-
tial equation (NLNODE) of fourth-order, viz.,

alU" () +b{UQU" () + U ()} + cw®U""(¢) 4+ dU" ({) + w?U" (¢) = 0. (7)

2.2.1 Exact solutions of (2) through direct integration

The direct integration technique to be invoked here will furnish three categories of solutions
to (1+1)D-gnDDE (2). These will take the structure of Jacobi elliptic, Weierstrass as well as hy-
perbolic secant functions.

e Jacobi elliptic cosine function solution

One commences by integrating (7) twice with regard to independent variable ¢ and the
result purveys,

AU(Q) + SBUQ)? + U (C) +dU" (¢) + WU (C) + AoG + A =0, (®)

wherein integration constants A,,, m = 0, 1, are arbitrary. One takes Ay as zero and integrate
the rest of the equation after multiplying it by U’(¢). The outcome yields,

a 1 2 2A1 b 3 d 2 2A2 o
(cw2 + c) U+ W—QU(C) + 3chU(g) + (coﬂ + 1) U™(¢) + 2 =0 9)
In consequence, we achieve,
U(¢) = —{PU(C)’ +QU(¢)* + RU(C) + S}, (10)
where
b OJ2 a 2A1 2A2
P= 3(cw?+d)’ @= (cw2+d+ cw2+d> , R= cw? +d and 5= cw?+d (1)
Suppose one contemplates the cubic function,
5 Qpep e B S
U + U2+ 5UQ) + 5 =0, (12)

whose roots are o, o and as in such a way that iy > a1 > as. Therefore, NLNODE (10)
explicates as,

U(¢) = —P{(U — o) (U — a1) (U ~ az)}. (13)
Hence, (13) has the solution [20, 1],

«—@Wﬁkﬂﬂzm”m, (14)

Qp — Q2

Plon —
U(C):OK1+(O¢0_O{1)CH2{ M
where Jacobi cosine function cn as well as constant (y exist. Returning to the original vari-
ables gives the periodic solution of (1+1)D-gnDDE (2) as,

b(Oto — 012)

12 (ew? 4+ d) (& —wt =)

M2} . (15)

w(x,t) = a1 + (g — ;) en? {
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The wave dynamics of periodic solution (15) is exhibited in the plots explicated in Figure 1.

100

(c)

Figure 1: The smooth periodic wave structure is demonstrated through the plots in 3D, 2D, and contour formats depicting the elliptic
solution (15) and is displayed using the parameter assignments: b = 0.2, ¢ = 0.1, & = 2,8 = —1.2,d = 0.4, w = 20, a9 = 100,
a1 = 50.05,and as = —60 in the interval —13 < t, z < 13.

o Weierstrass function solution

Here, one retrieves a periodic solution to NLNODE (7) in terms of Weierstrass function [23]
by setting in (9), a transformation as,

1
U(Q) = =5 {(w* +a) +12 (ew® +d) W(Q)} - (16)
Hence, one reckons (9) as NLNODE with Weierstrass elliptic function [14, 4],

0 ()% = 4p(0)* + g19(C) + g2 =0, (17)

with the included Weierstrass elliptic invariants g; as well as g, expressed as,

1 12¢2 24aw? 12w
== (244, - — —
g1 b( 1 b b b >,
1 " 8a®  24a%w?  24aA;  2daw* 24407 8w
L B

Hence, solution to NLNODE (7) entrenches in this regard,

1 b

24 A 120*  24aw? 1202 85  24aw?
U(CQ) = pq 3¢ /| — 5 ;T -
2 3 (cw? +d)

T b2 R TR TR

24A1w? 24aw?  24aA; 2445,  8a® a+ w?
- — — 1
R R R b (18)
Bearing in mind (16) alongside (17) and reverting to previous variables, one has,
(2,1) = 1 ( 0 b 244 12w*  24aw?® 1242 8wS
S R 3(cw?+d)| b b2 b2 R
2aw*  24A1w?% 246%w?  24aA; 244, 8a’ a + w?
- - — 7 — 19
T R 2y b’ (19)

where p represents Weierstrass function [14].
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e Bright soliton solution
Here, one considers another case of NLNODE (9), whereby A; = A, = 0. This, leads to,

(2 +2) 002+ g0 + (5 +1) 020 =0 (20)

cw?

Solving the equation furnishes the soliton solution of model (2) as,

w(z,t) = % {3 (a + w?) sech? [—% (Bo 3(a+w?)+ M(m - wt))] } , (21)

caw? +d

where By is an integration constant. Dynamics of the secant hyperbolic solution (21) is the
plots explicated in Figure 2.

-10 20
-2

-4
-6

(e)

Figure 2: The combination of bright and dark soliton waves is exhibited through the bell-anti-bell-shaped wave structure of the hyperbolic
secant function solution (21) using the data values b = 2, ¢ = 0.1, « = 0.12, 8 = —0.13,d = 0.4,w = 0.01,a = —1,and By = 5in
the interval —20 < ¢,z < 20.

Now, in order to secure various more interesting closed - form solutions to (1+1)D-gnDDE
(2), some standard approaches are used.

2.2.2 Exact solutions of (2) using Kudryashov’s approach

In this subsection, we utilize Kudryashov’s technique [22] to identify exact solutions for (2).
Our starting point involves hypothesizing solutions for the fourth-order NLNODE (7) in a specific
format,

M
U(Q) =D AH'(Q), (22)
=0
in which H(() fulfills Riccati equation,
H'(¢) = H*(¢) = H(¢), (23)
whose solution is given as,
1
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Value of M in (22) can be achieved through the application of the balancing technique as refer-
enced in [36]. The constants A; fori = 0,1,..., M will also be established through this process,
thus producing M = 2.

One eventually, explicates (22) as,
U(¢) = Ao + A1H(C) + A2H (). (25)

By replacing assumption (25) into (7) and utilizing relation (23), we derive the subsequent ex-
pression in terms of H((),

5 1 330dA,H
)+ 2w A H

+dA1H (¢) + 50dA; (H (¢))* — 15dA; (H (¢))* — 336 dA2H (C)
—130d Ay H (¢)® + 6w? Ay (H (¢))* + 16 dAs (H (€))* + w? AL H (
—60w?cAy (H (€))* +4bAy (H (¢))? Ag + 24w?cA1H (C)° + 9bA, (H (¢))* Ay
+6bAs (H (¢))* Ag — 10bA; (H (¢))* Ag — 3bAy (H () Ag — 21 bA1 H (¢)" Ay
+bALH (¢) Ag — 130w?cAy (H (€))® + 16w?cAs (H (€)) + 20A; (H (€))° Ag
+12bA; (H (¢))° Ay + 50w?cAy (H (¢))® — 15w?cA; (H (¢))? + w?cALH (¢)
+120w?cAy (H (¢))® = 336 w?cAy (H (€))° + 330w?cAy (H (¢))* = 0. (26)
By comparing the coefficients of similar powers of H(() in (26), one derives the subsequent five
algebraic equations involving Ay, A;, and A, that is:
H®((): 120w?cAs + 10bA3 + 120dA, = 0,
H5(¢): 24w?cA; —336w?cAy + 12bA; Ay — 18bA3 +24dA; — 336dAy = 0,
H*(C): 330w?cAs — 60w?cA; +6bAgAs +3bAT — 21bA; Ay + 8bA3
+6w?As +6ady —60dA; +330dAs = 0,
H3(&): 50cw?A; — 130 cw® Ay +2bAgA; — 10bAgAs — 5bAT +9bA; Ay
+2w?A; —10w? Ay +2aA; — 10aAy +50dA; —130dA; =0, (27)
H?*(¢): 16w?cAy — 15w?cA; — 3bAgA; +4bAgAs +2bA? — 3w? Ay
+4w?As —3aA; +4ady —15dA; +16dA5 = 0,
H(): w?cA; +bAgA; +w?Ay +aA; +dA; = 0.

The solution to these equations thus produces,

Aoz—% (w?+w”+a+d), Alz%(cw2+d), AQZ_% (cw? +d). (28)

Thus, the solutions of (2) for the secured results respectively reads,

(29)

w<x,t>:—}){(w2+w2+a+d) 2 (wfrd) 12 (w?td) }

1+ e(z—wi) (1 + e(:cfwt))z

The wave structure of the exponential solution (29) is plotted in Figure 3.
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28
26
24
22

-10 [1} 10 20 -20 -10 10 20

(b) (c)

Figure 3: The bright soliton wave is exhibited through the bell-shaped wave structure of the exponential function solution (29) using the
parameter values b = 0.2,¢ = 0.5, = —0.16, 8 = —0.4,d = 0.8, w = 0.2,and a = —5 in the interval —20 < ¢,z < 20.

2.2.3 Exact solutions of (2) using (G’ /G)-expansion approach

One presents the (G'/G)-expansion technique [35] in this subsection to procure analytic solu-
tions of (1+1)D-gnDDE (2).

We observe a solution established as,

M ’ J
U0 =34, (5e) - (30)
where E(() fulfills,
E"(C) + AE'(¢) + nE(C) =0, (31)
with 1 as well as A taken as constants. Now, M as well as parameters Ay, ..., Ay, are treated the

same way as earlier mentioned.

Engagement of the balancing algorithm to NLNODE (7) gives M = 2, consequently, solution
of (7) is of the form,

-0 (58) o (5"

Invoking (30) into (7) and engaging (31) procures an algebraic equation in diverse powers of
E(¢). Following the procedure highlighted previously, we have the system of equations:
cpw? A3 4 dp AN + 14dp® Ag)? 4 1depw? Ap\? + 8dp Aj\ + Scpw? A\
Fpw? AL\ + ap A\ + bpuAg AL\ + bu? A2 4 16dp> Ay + 2ap® Ag + 16cu3w? Ay
+2pw? Ay + 20 Ag Ay = 0,
cw? AN+ dA N + 300,uw2A2)\3 + 30duA2)\3 + 220uw2A1)\2 + W AN + aA N?
+22dp AT N2 + DA AN + 3bp AT + 120dp® Ag\ + 120cuw? Ao\ 4 6uw? Ao\
+6ap A\ + 6bpAgAs A + 16d,u2A1 + 160u2w2A1 + 2uw2A1 + 2ap A1 + 2bpApg Ay
+6bu2A1A2 =0,
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16cw® Ao A* + 16d A\ + 15cw? Aj N3 + 15d A1\ + 20ATN? + 232cuw? A \?
+4w? Ag N + 4aAx\? + 232dpAs)? + 4bAgAsN? + 60cuw? Aj ) + 3w? A\
+3a A1\ + 60dp A\ 4 3bAg AL\ + 15bpA; Ao\ + 4bpA? + 6bu? A3 + 136du> Ay
+136¢pw? Ay + 8pw? Ag + 8audy + 8bpAg Az, 130cw? AoX? + 130d A N3
+50cw? Ag A2 + 50d A1 N2 + 9bA; AoN? 4 BDAIN + 14bu A3\ + 440cuw? A\
+10w? Ao\ + 10a Ao\ + 440dpAs ) + 10bAg Ao\ + 40cuw? Ay + 2w? Ay
+2aA; + 40dpA; + 2bAg Ay + 18bpuA1 Ay =0,
8DAZN? + 330cw? A \? + 330d Aa\? 4 60cw? A\ + 60d A\ + 21bA; Ao\
+3bA2 4 16bpA2 + 240cuw? Ay + 6w? Ay + 6aAy 4 240dpAs + 6bAg Ay = 0,
24c A w? + 336cA Agw? + 18DAAZ + 24d A1 + 336d\As + 12bA; Ay = 0,
120cAzw? + 10bA3 + 120d Ay = 0.

Solving this system of algebraic equations by utilizing the Mathematica software package, one can
achieve:

Ay = _% {a+eA?w? + 8cuw? + dN? + 8dp + W},
A = —% {12X (w? +d)}, Ay = —% {12 (ew? +d) } .

Therefore, we can identify the subsequent three categories of traveling wave solutions for (1+1)D-
gnDDE (2) in the cases listed as below:

Case 1: When A2 — 4y > 0, we achieve the solution in terms of hyperbolic functions,

1
w(z,t) = —b{a + eXN’w? + 8cpw? + dA? + 8dp + w? + {12X (ew® + d) }

wt)] + C1 cosh [A4
wt)] + Cl sinh Al

- [Ar(z —wt)] A

- [Ar(z —wt)
Ay (r — wt)] + C1 cosh [Aq (z — wt)

- [Ar(z — wi)

}—2)+{12(cw2+d)}
e

1
where A = 5\0\2 — 44 with constant Cy as well as C; arbitrary. One presents the

wave dynamics of the hyperbolic secant-cosecant solution (33) in the plots exhibited in
Figure 4.

(A Cy sinh [Aq (z

Co cosh [A1(x — wt)] + Cy sinh [A4

Case 2: When A\? — 4y < 0, we achieve the solution in terms of trigonometric functions,

1
w(zx,t) = —b{a + eN’w? 4+ 8cpw® + dA* 4 8dp + w® + {12X (cw® + d) }

(A —Cpsin [Ag(z — wt
> Cycos [Ag(z — wt)

N —Cpsin [Ag(z — wt
> Cy cos [Ag(z — wt)

|+ Cicos[Ax(z—wt)] A
+ Cysin[Ag(z —wt)] 2) + {12 +d)}

]
] + C1 cos [Ag(z — wt)] )\)2}

+ Cy sin [Aq(x — wt) 2 (34)

N N

1
where Ay = 7\ /41 — A2, with constants Cj and C; arbitrary.
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-10 -5 5 10 15

(0)

Figure 4: Bell-shaped wave structure of hyperbolic solution (33) using the data values b = 0.2, ¢ = 0.5, = 0.1, 8 = 0.4,d = 0.1,
w=02a=-5X=—-04p=-08 Co = 30,C; = 2intheinterval —15 < ¢,z < 15 is displayed in Figure 4. This actually
portrays a bright soliton wave structure.

Case 3: When A2 — 4y = 0, we achieve the solution in terms of rational function,

b

’ (WC?M_Q) {12 (ew?® +d) } (mclcw _;)2}7

1
w(z,t) = —{a + eNw? 4 8cpw® + dA* + 8dp + w? + {12X (cw? + d) }

where constants C; and () are arbitrary.

2.3 Significance of the graphical depictions of solutions

We notice that Figure 1 illustrates the periodic wave motion of the elliptic solution (15), Figure 2
(bright-dark combo soliton) reveals the dynamics of the secant hyperbolic solution (21), whereas
the bright soliton wave patterns in Figures 3 and 4 display the wave structures of solutions (29)
and (33), respectively. These wave depictions are interesting and have notable relevance in the
field of science and engineering.

A periodic wave refers to any repeating pattern that maintains a consistent wavelength and
frequency (see Figure 5). A periodic wave can be characterized by features like amplitude, fre-
quency, and time period. Examples include sound waves (longitudinal), water waves, light waves
(transverse), and alternating current generators. Periodic waves, recognized for their recurring
patterns, play an essential role in numerous domains as they underpin radio/audio transmission,
AC power, and signal processing, facilitating technologies such as oscilloscopes (see Figure 6) and
waveform generators for diagnostic and troubleshooting purposes. The amplitude of a wave, rep-
resented as A in the diagram below , is directly linked to the energy of a wave and indicates the
wave’s highest and lowest points [17].

Bright solitons, together with dark solitons, are localized wave packets that preserve their
shape while traveling. They are important in numerous areas such as optics, fluid dynamics,
and plasma physics, facilitating effective information transmission and additional applications.
Bright solitons represent peaks in intensity, whereas dark solitons signify dips in intensity, with
both serving distinct functions in nonlinear wave phenomena.
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Figure 5: Diagrammatic display of a periodic wave in which the amplitude of the wave, shown as A in the diagram, is directly related to the
energy of the wave [17].

The terms "bright" and "dark" originate from optics, where they refer to the luminous areas
and shadowy spots that arise in optical fibers . Nonetheless, in the 1830s, soliton sightings were
recorded in water. Oceanographers were surprised by the finding in the 1960s and 1970s that
luminous solitons existed on the surface of deep ocean waters. Nevertheless, many experiments
have been conducted to explore and confirm the phenomenon, with some identifying bright soli-
tons as the source of rogue waves in the ocean. Both bright and dark solitons have currently been
detected in Bose-Einstein condensates, plasmas, fiber optics, and various other settings [18].

It is widely recognized that bright soliton shapes are defined by the hyperbolic secant func-
tion. The bright soliton solution typically exhibits a bell-shaped form and travels without distor-
tion, maintaining its shape over indefinitely long distances. Nonetheless, dark soliton solutions,
arranged as topological optical solitons as well, are represented by the hyperbolic tangent. It is
noteworthy that (13) resembles the ordinary differential equation derived in the seminal study
by Korteweg and de Vries [19]. This ODE pertains to long waves traveling through a rectangular
canal. The ODE (13) characterizes stationary waves, and by applying specific conditions, such as
ensuring the fluid remains undisturbed at infinity, Korteweg and de Vries derived both negative
and positive solitary wave solutions, along with cnoidal wave solutions [19, 10].

SAE/RCL  MEASRE  ACOURE AuTOSET RUWSTOP

MEASURE

unry  cuson oispuay MENUS

=

POSITION

CH1
Freq
1052 KHz

$POSITION | $POSITION

MATH
CURSOR1 MENU CURSOR2

oz HORIZONTAL
MENU MENU

VOLTS/DIV | VOLTS/DIV | SEC/DIV.

e ez || SN2 | e
T G | on | owme | ForgEm

Figure 6: A typical oscilloscope. It contains numerous dials and buttons, yet their primary function is to show and measure fluc-

tuating signals such as sound waves and alternating current. https://www.savemyexams.com/o-level/physics/cie/23/revision-notes/
4-electricity-and-magnetism /4-6-uses-of-an-oscilloscope/uses-of-an-oscilloscope/.
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3 Conservation Laws of (1+1)D-gnDDE (2)

This segment provides the conserved vectors of the fundamental equation by applying Ibrag-
imov’s theorem on preserved vectors, as referenced in previous works [16]. This is achieved by
utilizing the established symmetries.

3.1 Formal Lagrangian and conserved currents

Consider a system of sth-order o PDEs [16],

EU(.%‘,@,@(U,...,@(S)):O, 0':1,...,&, (36)
with x independent together with o dependent variables given as x = (x!,2%,...,2") and
O = (6',0%...,0%). The system of adjoint equations are given by,
§(Q°2p)

E:(.’L‘,@,Q,...,@(S),Q(S))E ZO7 a:l,...,oz, (37)

007

where Q = (Q',...,Q) are new dependent variables, 2 = Q(z). The operator /667, expressed
for each o, as,

520 = aga +;(—1)5Di1 Dmg(S i=1,...,k, (38)
is the Euler-Lagrange operator and,
D; = 8ii +@fagg —|—@fjag;+..., i=1,....k, j=1,...,K, (39)
is the total differential operator.
An n-tuple C = (C',C?,--- ,C™), such that,
D;C" =0, (40)

holds for all solutions of (36) is referred to as the conserved current of the equation.

The formal Lagrangian of the system (36) and its adjoint (37) is given as,

L=0Z,(2,0,0),...,0())- (41)
Theorem 3.1. Every nonlocal symmetry, Lie-Bicklund, as well as Lie point symmetry,
R0t L e _g(r0), =" (.0) ()
- a{Ei ¥ a@v ) - ) ’ Y =¥ ) ’

admitted by the system (36) produces a conserved vector for (36) and its adjoint (37), with the conserved
vectors T = (T, .., T*) having components T* given by,

i i -| 0L oL oL o | 0L
=L+ 967 D’66%+DJD’“<89;’jk>+"' + D;(117) 567
oL oL
—Dp——+... D; D (117 gk =1,... 43
ka@gjk + + J k( )a@ijk + ’ 2,7, I y Ry ( )
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with Lie characteristic function 11 explicated by,
H”:(p"—fj@;’, co=1,...,a, j=1,...,k. (44)

Remark 3.1. It is noted that a set of differential equations (36) is considered self-adjoint when substituting
v = w into the set of adjoint equations specified in (37) results in the same set of equations (37). For a more
thorough understanding of the demonstration and additional valuable information related to the findings
discussed here, it is recommended for the reader to refer to the sources cited [16].

The multiplier A of system (36) has the property that,
D,C'=AZ,, o=1,...,a. (45)

The equations governing all multipliers are derived from,

50 (A°E,)=0, o=1,...,a. (46)

Once the multipliers are produced through (46), the conserved currents can be obtained by using
(45) as the governing formula. Now, we proceed to calculate the symmetries of (2) in order to use
them for computing the conserved vectors via Theorem 3.1 with the formula (43).

3.2 Conserved vectors of (2) via Ibragimov’s theorem

Ibragimov’s theorem states that for every conserved quantity in a differential equation, there
exists a unique connection to a Lie point symmetry. Therefore, we utilize the previously presented
symmetry operators to generate new conserved currents using Ibragimov’s theorem [16].

Thus, we give the following theorem:

Theorem 3.2. If the Euler operator 0 /dw as explicated in [16] is given consideration, thus, associated
adjoint equation of (1+1)D-gnDDE (2) [16] can be expressed through the relation,

*

0
H* = @ [U {wtt + Wz + b(wwm -+ wg) + CWiige + dwmmmx}] =0. (47>
Further expansion of (47) secures,
H* = vy + (a4 bw)vgy + CVprgr + dgger = 0. (48)

The formal Lagrangian of (14+1)D-gnDDE (2) together with its adjoint presented in (48) is expressed in
the format,

L= {wtt + awg, + bwwy, + wi) + CWiizr + dwmm} . (49)

Therefore, the conserved vectors (T, X%),i = 1,2,. .., 6, are formulated for the Lagrangian (L) by employ-
ing the appropriate structure of (43) applicable here, purveyed as [16]:

oL oL oL
T=¢! o —D,— 4+ D.Dy | ——
oL oL oL
D;(We — Dy, DD, (W® 50
DIV G~ Diga e | T DIDW (50)
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oL oL oL
_ 2 a - n. .
X=€L+W Fur Djaw%+DJDk<6w%k>+...
| oc oL o OL
+ D;(W )[M% ~Dige +...| + D;Dp(W )awijk ..., (51)

with constant « = 1,2 as well as j = 1,2,3,4. W& = 0> — ¢&J w$ is the involved Lie characteristic
function.

One calculates the associated conservation laws of (1+1)D-gnDDE (2) related to vectors Q1, Q)2

and @1 +w(@3 using both Theorem 3.2 and the data found in the references cited, as demonstrated
by [16]. Therefore, one has:

1 1 1
Tt = awy,v + bwiv + bwgwv + icthtm + dWppprV — gcwtwvm + gcvtwtm

1
+ icwtvmx - gcwttvmc + gcvxwtt;c + Wiy,

1
T = bwiv, w — AWy — bwpw, v — bwvwy, — §cthtm — dVWippe + AWV,

1 1
+ S CWi Uy — 5 CW Vg — —CU3 Wiy + 5 CU Wity + — CWit Vg + AWiVgra
2 3 6 3 6
- dvzmwtz + dvmwtmxa
" 1 1 1
T2 = ZCUWgxgax — ZCOWiggax — VWix — L CUzgpWix — 5 CWrg Uty
6 2 6 3
1 1
+ gcvxwtm + icwxvtm + viwy,

1 1 1
Ty = bwyv,w + §cthtm + wyv + awz v, + gcvxwtm — gcwmvm + gcvtwtm

— ZCUttWyy + icwmvttm + dwTTrUT - dwrxvxx + dwxvxm.’ra

6

1 1
¢ 2
T3 = awgev + bwyv + bwzzwv — icwvwmm + icthtm + dWyprs¥

1
— WUWige + écwwzvtm + écwvtwmx — écwvmwm — gcwwmvm + = CWULWigy
1 1
- gcwtrvtz + Ecvtwtzz + §thvtm’z - écwttvmr + gcvxwttm + WU Wy + WiV,

1
T = bwivaw — VWi + bwwy v W — bwiw,v — bwvw, + §vawttm
1 1
— §vattm — dVWippr + WWHV + QWU + AWz, + Ecwv$wttm

1 1 1 1
- gcwwta:vtw + 5 CWVt Wiy — Z CWUWyy + 5 CWWy Vttg + = CWit Vg

3 6 2 6
1

1 1
— 5 CWitlts — VWi + 3Vt Wita + 5 Wttt + AV Wigs + AW Vpea

— AUpp Wiy + dWWarrVy — AdWWrzVpy + AWWL Vg0 -

3.3 Conserved vectors of (2) via the multiplier approach

In this subsection, we utilize the multiplier technique [29] to form conservation laws for the
model (14+1)D-gnDDE (2). First of all, we calculate the zeroth-order multiplier
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M(z,t,w) = M for (2). Thus, following the procedure introduced by [29] and invoking (38), one
secures determining equations through the expansion of,

1)
o {M(t, z,0) [wi + awyy + b(wwey + W) + Wiz + AWeges] } =0, (52)

which solves to give the zeroth-order multiplier M(t, z, w) for (2) as,
./\/l(t,x,w) = (C’lx+02)t+03x+C4, (53)

in which C,,,m = 1,2, 3,4 are arbitrary constants. The associated four multipliers are expressed
as,

Ml = :L’t, Mg = t7 M3 =z and M4 = 1. (54)

Consequently, relative to the multipliers above, one could through (45) which in this regard ex-
pands to,

D»LC(m + Dtcz = M(t, x, U}) [wtt + AWgq + b(ww.L.L + wi) + CWitgx + dw‘Lll.L} )

calculate the following four conserved vectors of (2) as:

Ct = —cwy —wy — 1c:vw + tew; — 1ctw + 1ct:vw
1 — 3 x x 6 TT t 3 tx 2 txx)
1 1 1
Cy = gcwt + btzww, + atxw, + dtxwze, + ictxwtm — atw — dtwyg, — gcxwm
1 1
— —ctwy — =btw?
6C Wit 2 w,
.1 1
C5 = §ctwtm + tw; — gcwm —w,

1 1
Cs = §ctwtm + btww, + atw, + dtwgge — = CWey,

3
1 1
C§ = §cxwtm — gcwm + xwy,
1 1
Cs = icxwtm + brxww, + arw, + dTwee, — ibw2 —aw — dwgy — gcwtt,

t
Cy =wy + icwtm,

1
C’ff = §thtx + bwwy + aw, + dwggy.

Remark 3.2. One notices here, that the multiplier My (¢, z, w) = 1, produces the model (1+1)D-gnDDE
(2) in a conserved structure.

4 Conclusions

The double dispersion equation is important due to its numerous physical applications, such as
examining the nonlinear wave distribution in waveguides, investigating the interaction of waveg-
uides with the surrounding medium, and assessing the probability of energy transfer through
lateral waveguide coverings. In view of this, this article explores analytical examinations of a
(1+1)-dimensional generalized double dispersion equation in inhomogeneous and uniform Mur-
naghan’s rod. This is applicable for modeling wave propagation in elastic solid materials, which
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hold significance in solid-state mechanics. Therefore, the analytical investigations carried out on
the generalized double dispersion equation in heterogeneous and uniform Murnaghan’s rod ex-
pressed in (2) are explicated in this article. Initially, the Lie symmetry analysis approach was
used to calculate the Lie point symmetries of the model, resulting in a two-dimensional Lie al-
gebra. Moreover, the obtained nonlinear ordinary differential equation is directly integrated in
order to obtain closed-form solutions for the model, achieving an elliptic cosine function solution
in this case. By employing a specific conversion, the method also guarantees the achievement of a
Weierstrass function solution.

Furthermore, to find more answers to the given problem, the popular Kudryashov’s tech-
nique was employed, allowing us to obtain a solution in exponential form. Following that, we
utilized the (G’/G)-expansion method, which in turn generates solutions in the form of hyper-
bolic, trigonometric, and rational functions. Furthermore, showcasing the wave dynamics of the
obtained solutions helps us better understand the physical interpretations of these solutions, with
various representations including 3-dimensional, 2-dimensional, contour, and density plots. In
conclusion, the research also identifies important conserved quantities like energy, mass, and mo-
mentum, which are upheld by utilizing Ibragimov’s theorem and the multiplier method. The
two techniques applied ensure that various conservation laws of note are derived, including the
conservation of momentum and energy.

Therefore, the findings may prove beneficial to various researchers within the realms of sci-
ence and engineering. We add that despite the fact that the main method utilized here can only
be applied to differential equations with symmetries, it is one of the best approaches to solving
differential equations. Additionally, the work does not cover the use of conservation laws of the
studied model to obtain solutions; therefore, future work could involve the application of the as-
sociated conserved vectors to perform multiple reductions to secure more analytical solutions to
the model.

Acknowledgement The authors express their gratitude to the Mafikeng campus of North-West
University for their assistance.

Contflicts of Interest The authors declare no conflict of interest.

References

[1] M. Abramowitz & I. A. Stegun (1965). Handbook of Mathematical Functions: With Formulas,
Graphs, and Mathematical Tables. Courier Corporation, Washington D. C.

[2] O. D. Adeyemo, C. M. Khalique, Y. S. Gasimov & F. Villecco (2023). Variational and non-
variational approaches with lie algebra of a generalized (3+1)-dimensional nonlinear poten-
tial Yu-Toda-Sasa-Fukuyama equation in Engineering and Physics. Alexandria Engineering
Journal, 63,17-43. https://doi.org/10.1016/j.aej.2022.07.024.

[3] O. D. Adeyemo, L. Zhang & C. M. Khalique (2022). Optimal solutions of lie subalgebra,
dynamical system, travelling wave solutions and conserved currents of (3+1)-dimensional
generalized Zakharov—Kuznetsov equation type I. The European Physical Journal Plus, 137(8),
Article ID: 954. https://doi.org/10.1140/epjp/s13360-022-03100-z.

[4] N. I. Akhiezer (1990). Elements of The Theory of Elliptic Functions. American Mathematical
Society, Providence, Rhode Island.

1128


https://doi.org/10.1016/j.aej.2022.07.024
https://doi.org/10.1140/epjp/s13360-022-03100-z

M. S. Monashane et al. Malaysian ]. Math. Sci. 19(3): 1111-1131(2025) 1111 - 1131

[5] C.Cattani, T. A. Sulaiman, H. M. Baskonus & H. Bulut (2018). Solitons in an inhomogeneous
Murnaghan’s rod. The European Physical Journal Plus, 133, 1-11. https://doi.org/10.1140/
epjp/i2018-12085-y.

[6] Y. Chen & Z. Yan (2005). New exact solutions of (2+1)-dimensional Gardner equation via
the new sine-Gordon equation expansion method. Chaos, Solitons & Fractals, 26(2), 399-406.
https://doi.org/10.1016/j.chaos.2005.01.004.

[7] C. Chun & R. Sakthivel (2010). Homotopy perturbation technique for solving two-point
boundary value problems—comparison with other methods. Computer Physics Communica-
tions, 181(6), 1021-1024. https://doi.org/10.1016/j.cpc.2010.02.007.

[8] P. A. Clarkson (1985). The Painlevé property and a partial differential equation with an es-
sential singularity. Physics Letters A, 109(5), 205-208. https://doi.org/10.1016/0375-9601(85)
90303-2.

[9] M. T. Darvishi & M. Najafi (2011). A modification of extended homoclinic test approach to
solve the (3+1)-dimensional potential-YTSF equation. Chinese Physics Letters, 28(4), Article
ID: 040202. https://dx.doi.org/10.1088/0256-307X/28/4/040202.

[10] P. G. Drazin & R. S. Johnson (1989). Soliton: An Introduction. Cambridge University Press,
New York, NY.

[11] X. X. Du, B. Tian, Q. X. Qu, Y. Q. Yuan & X. H. Zhao (2020). Lie group analysis, solitons,
self-adjointness and conservation laws of the modified Zakharov-Kuznetsov equation in an
electron-positron-ion magnetoplasma. Chaos, Solitons & Fractals, 134, Article ID: 109709.
https://doi.org/10.1016/j.chaos.2020.109709.

[12] L. L. Feng, S. F. Tian, T. T. Zhang & ]. Zhou (2017). Lie symmetries, conservation laws and
analytical solutions for two-component integrable equations. Chinese Journal of Physics, 55(3),
996-1010. https://doi.org/10.1016/j.cjph.2017.03.008.

[13] X. Y. Gao, Y. J. Guo & W. R. Shan (2020). Water-wave symbolic computation for the
Earth, Enceladus and Titan: The higher-order Boussinesq-Burgers system, auto-and non-
auto-backlund transformations. Applied Mathematics Letters, 104, Article ID: 106170. https:
//10.1016/j.am1.2019.106170.

[14] LS. Gradshteyn & I. M. Ryzhik (2014). Table of Integrals, Series, and Products. Academic Press,
California, USA. https://doi.org/10.1016/C2010-0-64839-5.

[15] C. Gu (2013). Soliton Theory and Its Applications. Springer, Berlin, Heidelberg. https://doi.
org/10.1007/978-3-662-03102-5.

[16] N. H. Ibragimov (2007). A new conservation theorem. Journal of Mathematical Analysis and
Applications, 333(1), 311-328. https://doi.org/10.1016/j.jmaa.2006.10.078.

[17] iLearn Engineering. What are Periodic Waves?  https://www.ilearnengineering.com/
electronical-and-electronic/what-are-periodic-waves 2022.

[18] M. A. B.Jalil (2023). The study on the fundamental of dark and bright solitons. International
Journal for Research in Applied Science and Engineering Technology, 11(12), 1777-1783. https:
//doi.org/10.22214/ijraset.2023.57721.

[19] D.]J. Korteweg & G. De Vries (1895). XLI. On the change of form of long waves advancing
in a rectangular canal, and on a new type of long stationary waves. The London, Edinburgh,
and Dublin Philosophical Magazine and Journal of Science, 39(240), 422—-443. https://doi.org/10.
1080/14786449508620739.

1129


https://doi.org/10.1140/epjp/i2018-12085-y
https://doi.org/10.1140/epjp/i2018-12085-y
https://doi.org/10.1016/j.chaos.2005.01.004
https://doi.org/10.1016/j.cpc.2010.02.007
https://doi.org/10.1016/0375-9601(85)90303-2
https://doi.org/10.1016/0375-9601(85)90303-2
https://dx.doi.org/10.1088/0256-307X/28/4/040202
https://doi.org/10.1016/j.chaos.2020.109709
https://doi.org/10.1016/j.cjph.2017.03.008
https://10.1016/j.aml.2019.106170
https://10.1016/j.aml.2019.106170
https://doi.org/10.1016/C2010-0-64839-5
https://doi.org/10.1007/978-3-662-03102-5
https://doi.org/10.1007/978-3-662-03102-5
https://doi.org/10.1016/j.jmaa.2006.10.078
https://www.ilearnengineering.com/electronical-and-electronic/what-are-periodic-waves
https://www.ilearnengineering.com/electronical-and-electronic/what-are-periodic-waves
https://doi.org/10.22214/ijraset.2023.57721
https://doi.org/10.22214/ijraset.2023.57721
https://doi.org/10.1080/14786449508620739
https://doi.org/10.1080/14786449508620739

M. S. Monashane et al. Malaysian ]. Math. Sci. 19(3): 1111-1131(2025) 1111 - 1131

[20] N. A. Kudryashov (2004). Analytical Theory of Nonlinear Differential Equations. Moskow-
Igevsk, Institute of Computer Investigations, Moscow, Russia.

[21] N. A. Kudryashov & N. B. Loguinova (2008). Extended simplest equation method for
nonlinear differential equations. Applied Mathematics and Computation, 205(1), 396-402.
https://doi.org/10.1016/j.amc.2008.08.019.

[22] N. A. Kudryashov (2012). One method for finding exact solutions of nonlinear differential
equations. Communications in Nonlinear Science and Numerical Simulation, 17(6), 2248-2253.
https://doi.org/10.1016/j.cnsns.2011.10.016.

[23] N. A. Kudryashov (2019). First integrals and general solution of the Fokas-Lenells equation.
Optik, 195, Article ID: 163135. https://doi.org/10.1016/].ijleo.2019.163135.

[24] S.Kumar & S. K. Dhiman (2024). Exploring cone-shaped solitons, breather, and lump-forms
solutions using the lie symmetry method and unified approach to a coupled breaking soliton
model. Physica Scripta, 99(2), Article ID: 025243. https://doi.org/10.1088/1402-4896/ad1d%e.

[25] C.K.Kuo & W.X.Ma (2022). An effective approach for constructing novel KP-like equations.
Waves in Random and Complex Media, 32(2), 629-640. https://doi.org/10.1080/17455030.2020.
1792580.

[26] L. Li, C. Duan & F. Yu (2019). An improved Hirota bilinear method and new application
for a nonlocal integrable complex modified Korteweg-de Vries (MKdV) equation. Physics
Letters A, 383(14), 1578-1582. https://doi.org/10.1016/j.physleta.2019.02.031.

[27] D.N.Madhavan, I. Alias, G. Ibragimov & R. M. Hasim (2024). Some results on pursuit games
for an infinite system of ternary differential equations. Malaysian Journal of Mathematical Sci-
ences, 18(3), 567-581. https://doi.org/10.47836 /mjms.18.3.07.

[28] K. S. Nisar & R. Silambarasan (2024). Classification of jacobi solutions of double dispersion
equation in uniform and inhomogeneous Murnaghan’s rod. Partial Differential Equations in
Applied Mathematics, 9, Article ID: 100624. https://doi.org/10.1016/j.padiff.2024.100624.

[29] P.J. Olver (1993). Applications of Lie Groups To Differential Equations. Springer Science &
Business Media, New York, NY. https://doi.org/10.1007/978-1-4684-0274-2.

[30] L.V.Ovsiannikov (2014). Group Analysis of Differential Equations. Academic Press, New York,
NY. https://doi.org/10.1016/C2013-0-07470-1.

[31] A.H.Salas & C.A.G6émezS (2010). Application of the Cole-Hopf transformation for finding
exact solutions to several forms of the seventh-order KdV equation. Mathematical Problems in
Engineering, 2010(1), 194329. https://doi.org/10.1155/2010/194329.

[32] A. M. Samsonov (2001). Strain Solitons In Solids and How To Construct Them. Chapman &
Hall/CRC, Boca Raton, Florida. https://doi.org/10.1201/9781420026139.

[33] N.M.L.K. Shamshu, A. Alias & K. C. Loy (2025). Numerical solution of extended Korteweg-
de Vries equation with cubic nonlinear term and fifth-order dispersion term. Malaysian Jour-
nal of Mathematical Sciences, 19, 163-176. https://doi.org/10.47836/mjms.19.1.09.

[34] N. K. Vitanov (2010). Application of simplest equations of Bernoulli and Riccati kind for
obtaining exact traveling-wave solutions for a class of PDEs with polynomial nonlinearity.
Communications in Nonlinear Science and Numerical Simulation, 15(8), 2050-2060. https://doi.
org/10.1016/j.cnsns.2009.08.011.

1130


https://doi.org/10.1016/j.amc.2008.08.019
https://doi.org/10.1016/j.cnsns.2011.10.016
https://doi.org/10.1016/j.ijleo.2019.163135
https://doi.org/10.1088/1402-4896/ad1d9e
https://doi.org/10.1080/17455030.2020.1792580
https://doi.org/10.1080/17455030.2020.1792580
https://doi.org/10.1016/j.physleta.2019.02.031
https://doi.org/10.47836/mjms.18.3.07
https://doi.org/10.1016/j.padiff.2024.100624
https://doi.org/10.1007/978-1-4684-0274-2
https://doi.org/10.1016/C2013-0-07470-1
https://doi.org/10.1155/2010/194329.
https://doi.org/10.1201/9781420026139
https://doi.org/10.47836/mjms.19.1.09
https://doi.org/10.1016/j.cnsns.2009.08.011
https://doi.org/10.1016/j.cnsns.2009.08.011

M. S. Monashane et al. Malaysian ]. Math. Sci. 19(3): 1111-1131(2025) 1111 - 1131

/

[35] M. Wang, X. Li & J. Zhang (2008). The (g)—expansion method and travelling wave so-

lutions of nonlinear evolution equations in mathematical physics. Physics Letters A, 372(4),
417-423. https://doi.org/10.1016/j.physleta.2007.07.051.

[36] M. Wang, Y. Zhou & Z. Li (1996). Application of a homogeneous balance method to exact
solutions of nonlinear equations in mathematical physics. Physics Letters A, 216(1-5), 67-75.
https://doi.org/10.1016/0375-9601(96)00283-6.

[37] A.M. Wazwaz (2002). Partial Differential Equations. A. A. Balkema Publishers, Lisse, Nether-
lands.

[38] A. M. Wazwaz (2007). Travelling wave solutions to (2+1)-dimensional nonlinear evolution
equations. Journal of Natural Sciences and Mathematics, 1, 1-13.

[39] X. Zeng & D. S. Wang (2009). A generalized extended rational expansion method and its
application to (1+1)-dimensional dispersive long wave equation. Applied Mathematics and
Computation, 212(2), 296-304. https://doi.org/10.1016/j.amc.2009.02.020.

[40] C.R. Zhang, B. Tian, Q. X. Qu, L. Liu & H. Y. Tian (2020). Vector bright solitons and their
interactions of the couple Fokas-Lenells system in a birefringent optical fiber. Zeitschrift fiir
Angewandte Mathematik und Physik, 71, 1-19. https://doi.org/10.1007 /s00033-019-1225-9.

[41] L. Zhang & C. M. Khalique (2018). Classification and bifurcation of a class of second-order
ODEs and its application to nonlinear PDEs. Discrete & Continuous Dynamical Systems-Series
S, 11(4),759-772. https://doi.org/10.3934/dcdss.2018048.

[42] Y. Zhang, R. Ye & W. Ma (2020). Binary darboux transformation and soliton solutions for
the coupled complex modified Korteweg-de Vries equations. Mathematical Methods in The
Applied Sciences, 43(2), 613—627. https://doi.org/10.1002/mma.5914.

[43] Y. Zhou, M. Wang & Y. Wang (2003). Periodic wave solutions to a coupled KdV equa-
tions with variable coefficients. Physics Letters A, 308(1), 31-36. https://doi.org/10.1016/
50375-9601(02)01775-9.

1131


https://doi.org/10.1016/j.physleta.2007.07.051
https://doi.org/10.1016/0375-9601(96)00283-6
https://doi.org/10.1016/j.amc.2009.02.020
https://doi.org/10.1007/s00033-019-1225-9
https://doi.org/10.3934/dcdss.2018048
https://doi.org/10.1002/mma.5914
https://doi.org/10.1016/S0375-9601(02)01775-9
https://doi.org/10.1016/S0375-9601(02)01775-9

	Introduction
	Symmery Analysis and Solutions of (2)
	Lie point symmetries of (2)
	Travelling wave solutions of (1+1)D-gnDDE (2)
	Exact solutions of (2) through direct integration
	Exact solutions of (2) using Kudryashov's approach
	Exact solutions of (2) using  (G'/G) -expansion approach

	Significance of the graphical depictions of solutions

	Conservation Laws of (1+1)D-gnDDE (2)
	Formal Lagrangian and conserved currents
	Conserved vectors of (2) via Ibragimov's theorem
	Conserved vectors of (2) via the multiplier approach

	Conclusions

